Abstract. Let M ⊂ C n+1 , n ≥ 2, be a real codimension two CR singular real-analytic submanifold that is nondegenerate and holomorphically flat. We prove that every realanalytic function on M that is CR outside the CR singularities extends to a holomorphic function in a neighborhood of M . Our motivation is to prove the following analogue of the Hartogs-Bochner theorem. Let Ω ⊂ C n × R, n ≥ 2, be a bounded domain with a connected real-analytic boundary such that ∂Ω has only nondegenerate CR singularities. We prove that if f : ∂Ω → C is a real-analytic function that is CR at CR points of ∂Ω, then f extends to a holomorphic function on a neighborhood of Ω in C n × C.
Introduction
Let Ω ⊂ C n × R, n ≥ 2, be a bounded domain with real-analytic boundary. We ask when does a real-analytic function f : ∂Ω → C extend to a function on Ω, holomorphic along the complex directions in Ω? That is, the extended function should be a CR function on Ω.
An answer is a so-called Hartogs-Severi theorem, which is the generalization of the Hartogs extension theorem to C n × R. In 1936, Brown [4] proved the following statement: If Ω ⊂ C n × R is a bounded domain with connected boundary and f is a real-analytic CR function defined on a neighborhood of ∂Ω, then f extends uniquely to a real-analytic CR function on a neighborhood of Ω. Severi [23] proved this theorem earlier for n = 1 under an additional topological assumption. Bochner [2] proved a version of this theorem for harmonic functions in C n × R . Further work has been done in proving analogues of such theorems in more general (that is, not just flat) CR manifolds, see for example [12, Théorème A] .
If the function f : ∂Ω → C extends as a real-analytic CR function to a whole neighborhood of the boundary, we apply Hartogs-Severi. It is classical (also due to Severi) that at points where ∂Ω is a CR submanifold, we get a local holomorphic extension if and only f is CR. Therefore, it is a necessary condition for f to be CR on (∂Ω) CR , the CR points of ∂Ω.
The question therefore remains: What happens at the CR singularities? We will study this local extension question for codimension two CR singular M ⊂ C n+1 . In this paper we prove that the condition of holomorphically flat, that is M ⊂ C n × R, is sufficient for the extension as long as the CR singularities are nondegenerate. For either a degenerate CR singularity or a non-flat CR singularity counterexamples exist, see below. The authors have studied the smooth case of this problem in [20] for elliptic CR singularities.
Let us discuss the local setup and some of the history of the study of CR singular submanifolds. Let M ⊂ C n+1 be a real codimension two real-analytic submanifold. CR singular submanifolds of codimension two were first studied in C 2 by E. Bishop [3] , who found that such nondegenerate submanifolds M are locally of the form
where 0 ≤ λ ≤ ∞ (λ = ∞ is interpreted appropriately) is the so-called Bishop invariant.
The work of Bishop in C 2 , especially in the elliptic case (λ <
), has been refined by Kenig-Webster [18] , Moser-Webster [22] , Moser [21] , Huang-Krantz [13] , and many others, see for example Huang-Yin [14] and the references therein for recent work. For work in higher dimensions, especially in codimension two, see Huang-Yin [15] [16] [17] , Gong-Lebl [10] , Burcea [5, 6] , Dolbeault-Tomassini-Zaitsev [8, 9] , Coffman [7] , Slapar [25] , and the authors themselves [20] .
A real-analytic codimension two submanifold M ⊂ C n+1 with a CR singularity at 0 can always be written in suitable holomorphic coordinates (z, w) ∈ C n × C as w = ρ(z,z).
The submanifold M is said to be holomorphically flat if it is a subset of a real-analytic Leviflat hypersurface. In this case, we arrange ρ to be real-valued. The submanifold M cannot in general be flattened. In dimension 3 and higher, existence of such a Levi-flat hypersurface requires nongeneric conditions on M , see [8, 16, 17] . A holomorphically flat submanifold M is precisely the condition ∂Ω ⊂ C n × R for the global problem. Harris [11] studied the extension of real-analytic CR functions near CR singularities. For M ⊂ C m , Harris provides a criterion for extension if dim R M ≥ m, but the condition can be difficult to verify. Similarly in [19] the nonextensibility was studied for a certain class of CR singular submanifolds. In particular, a local extension does not always exist even for nondegenerate manifolds. The theorem below shows, however, that for nondegenerate manifolds being holomorphically flat is a sufficient condition.
where A and B are quadratic forms and E is O(3). We say M has a nondegenerate CR singularity at the origin if the Hermitian form A is nondegenerate. For a CR singular submanifold, let us write M CR for the set of CR points of M .
, n ≥ 2, be a holomorphically flat real codimension two realanalytic submanifold with a nondegenerate CR singularity at 0 ∈ M .
Suppose
The hypotheses of the theorem are natural. Real-analyticity is clearly required for the analytic extension of F . Nondegeneracy is also required since, as mentioned in [20] , when M is given by w = z 4 , the function √ Re w is real-analytic and CR on M (on M it is equal to z 2 ); however, it cannot extend to a neighborhood of the origin as a holomorphic function as such an extension would have to necessarily be a branch of √ w. If n = 1, the CR condition is vacuous, and the functionz provides a counterexample.
There do exist CR singular M for which CR functions do not extend. For example, in [19] it was proved that a CR singular submanifold that is a diffeomorphic image under a CR map of a CR submanifold admits non-extensible function. In light of our theorem above, such images are not nondegenerate and holomorphically flat.
With the local result we obtain the following global version.
Theorem 1.2.
Let Ω ⊂ C n × R, n ≥ 2, be a bounded domain with real-analytic boundary such that ∂Ω is connected and has only nondegenerate CR singularities.
Let f ∈ C ω (∂Ω) be such that f | (∂Ω) CR is a CR function. Then there exists an open set
The proof of the theorem follows from the local result stated earlier and the HartogsSeveri theorem. Theorem 1.1 implies that f extends from ∂Ω to a neighborhood, and hence Hartogs-Severi theorem applies.
Let us mention the Levi-flat analogue of the Plateau problem first studied by DolbeaultTomassini-Zaitsev [8, 9] . That is, when does a codimension two submanifold bound a Levi-flat hypersurface? Using our global result we obtain the following singular solution.
, is a bounded domain with real-analytic boundary, and M = f (∂Ω) ⊂ C n+1 is the image of a real-analytic map f that is CR on (∂Ω) CR . Suppose ∂Ω is connected and all CR singularities of ∂Ω are nondegenerate.
Then there exists a neighborhood U ⊂ C n+1 of Ω and a holomorphic map F :
is a smooth real-hypersurface, it is Levi-flat.
A natural question is to ask what happens to the theorems in the smooth case. While we cannot hope for an extension to a holomorphic function on C n × C, we may at least hope for a smooth CR extension to C n × R along the lines of [20] . In the local case we may hope for an extension to at least one side as we obtained for elliptic submanifolds. Furthermore, the Hartogs-Severi theorem fails for smooth CR functions. Therefore, even if one could extend locally, for the global theorem to hold in the smooth case we would require at least some extra topological or geometric restrictions on ∂Ω.
The paper has the following structure. We first study the normal form for the quadratic part using the results of Coffman in section 2. We also state the polynomial problem we wish to solve on the quadric model manifolds. In sections 3 and 4, we solve the polynomial extension problem on the model. In section 5 we prove the local extension result that is the main theorem of this paper. Finally in section 6 we discuss the failure of the global extension in the smooth case, and for completeness provide a sketch of a proof the Hartogs-Severi result in our setting.
Quadratic normal form and the CR singularity
Let M be a nondegenerate holomorphically flat CR singular submanifold written as in (3) . We will call the submanifold M quad given by
the quadric model of M . As A is a Hermitian nondegenerate form we diagonalize it and write M as
where we make b jk = b kj . We can arrange for ≥ n 2
to make an invariant.
The transformation that diagonalizes A (using * -congruence) acts via congruence on the matrix B = [b jk ], which cannot be in general diagonalized. A normal form for B under linear transformations keeping A diagonal can be found by classical linear algebra. The normal form for the two matrices under biholomorphic transformations requires further computation. For n = 1, the normal form for the quadratic part is the classical Bishop normal form
The number λ is a holomorphic invariant, called the Bishop invariant. For λ < 1 2 , M is called elliptic, for λ = 1 2 it is called parabolic, and for λ > 1 2 it is called hyperbolic. Normally λ = ∞ is allowed, although we do not consider it nondegenerate in our setting. It would be interpreted appropriately as w = z 2 +z 2 + E(z,z) and also called hyperbolic. For n = 2, that is in C 3 , Coffman [7] computed the quadratic normal form of all M (including degenerate M , although we will not need these).
We will see that understanding C 2 and C 3 cases are key in understanding the extension problem. In C 3 , the normal form as per Coffman is one of the following forms. First, if A is positive definite, then B can be diagonalized:
When A is of mixed signature, Coffman obtains 3 different cases. First the diagonalizable:
Let us find the CR singular set of the quadric models, that is, when E = 0. Write Q(z,z) for the quadratic part, and therefore the model M quad is the submanifold given by w = Q(z,z). The CR singularity of M quad occurs when∂(Q − w) = 0 and∂(Q −w) = 0. Therefore it occurs when M is tangent to a plane where w is constant. Because Q is quadratic this only occurs at w = 0. As Q is real, the CR singularity occurs precisely for w = 0 and the z for which∂Q = 0.
Let us start with (P). We compute
The equations z 1 + 2λ 1z1 = 0 and z 2 + 2λ 2z2 = 0 have a unique solution z 1 = z 2 = 0 if and
, then a CR singularity also occurs when Re z j = 0. In other words, either the CR singularity is a real 1-dimensional line corresponding to when only one of the λ j is 1 2 , or it is a totally real 2-dimensional submanifold of {w = 0} when both λ j are 1 2 . We move onto (M.I). We compute
Again, we obtain λ 1 = for an isolated singularity, and the same conclusion for the parabolic λ j = 1 2 cases. The difference is that if λ 2 = 1 2 then the CR singularity is at points where Im z 2 = 0.
We move onto (M.II). We compute
The two equations z 1 + λz 2 = 0 and −z 2 + λz 1 = 0 always have only the unique solution z 1 = z 2 = 0, and so the CR singularity is always isolated. Finally we move onto (M.III). We compute
Again, the solution z 1 = z 2 = 0 is the unique one. It will be useful to know what the set of CR singularities looks like in all dimensions, not just C 3 .
Let us state what we can say in n ≥ 2.
is a quadric holomorphically flat submanifold with A nondegenerate. The set of CR singularities of M is a totally real linear submanifold of the set {w = 0} of real dimension at most n.
Proof. First diagonalize A and write the submanifold as w = Q(z,z). The set of CR singularities in the z space is given by∂Q = 0. Since A is diagonal we find that the set is given by n equations of the form z j = c j ·z, where c j ∈ C n . Since Q is real-valued this is simply the set of critical points of Q and as Q is quadratic it is a subset of {w = 0}. The result follows.
We will say M is completely parabolic if the dimension of the set of CR singularities of M quad is exactly n. When n = 2, this corresponds to types (P) and (M.I) with λ 1 = λ 2 = 1 2 . In the next two sections we will prove the following lemma, which has to be attacked by different techniques, depending on the type of M .
is a quadric holomorphically flat submanifold with a nondegenerate CR singularity at the origin. Suppose f (z,z) is a polynomial such that when considered as a function on M (parametrized by z), f is a CR function on M CR . Then there exists a holomorphic polynomial F (z, w) such that f and F agree on M , that is,
Furthermore, if f is homogeneous of degree d, then F is weighted homogeneous of degree d, that is,
where P j is a homogeneous polynomial of degree j.
Once the extension exists, the furthermore part of the lemma follows at once.
Extending along an elliptic direction in the model case
In this section we handle the cases when M is not completely parabolic and is elliptic in some direction, which is the generic case. Suppose M ⊂ C n+1 , n ≥ 2, is given by w = ρ(z,z) for a real-valued ρ. Let c ∈ C n , and define M c ⊂ C 2 to be given in the coordinates (w, ξ) ∈ C 2 by w = ρ(cξ, cξ).
We say c is an elliptic direction of M , if M c is an elliptic submanifold according to its Bishop invariant. An important feature of an elliptic Bishop surface is that it admits a family of attached analytic discs.
, is a holomorphically flat submanifold with a nondegenerate CR singularity at the origin given by w = ρ(z,z). Then M has an elliptic direction (that is, there exists a c ∈ C n such that M c is elliptic) if and only if
Proof. First, write M as
By a simple linear change of coordinates we ensure that ≥ n − , that is, there are more positive than negative eigenvalues in A. If n ≥ 3, then ≥ 2. Therefore if we set z 3 = · · · = z n = 0, we obtain a submanifold M ⊂ C 3 of type (P). We will show below that such a submanifold always has an elliptic direction and therefore M has an elliptic direction.
Therefore, suppose that n = 2. Let us first dispose with the easy cases. If (M.I) and λ 1 < . For c ∈ C 2 , without loss of generality, assume c = (1, a) for some a ∈ C. Suppose M is given by
Then setting z = cξ we find that M c is given by
Therefore the Bishop invariant is
The only way that this will be less than a half is if the second term is less than 1. If λ 2 = λ 1 we find an a with |a| = 1 that makes the numerator vanish, and therefore we find an elliptic direction. So suppose λ 2 = λ 1 . In that case we find that
Therefore the Bishop invariant of M c is always bigger than or equal to λ 1 = λ 2 . So M c is elliptic if and only if λ 1 < 1 2 in this case.
What is left to show is the case (P). Take c ∈ C 2 a unit vector and suppose M is given by
The polynomial P (c 1 , c 2 ) = λ 1 c 2 1 + λ 2 c 2 2 must have a zero on the unit sphere as it has a zero at the origin, and therefore there exists a c such that M c is given by
and therefore is elliptic.
Let us now focus on the quadric model. Suppose M ⊂ C n+1 is given by
Suppose that c ∈ C n is an elliptic direction. Pick a real nonzero w 0 such that there exists some point (cξ, w 0 ) on M . As w 0 is nonzero and M c is elliptic, this means that the intersection of M c with {w = w 0 } is an ellipse. Therefore the map
induces an analytic disc ∆ c,w 0 ⊂ C n+1 attached to M , that is the boundary ∂∆ c,w 0 ⊂ M . Furthermore since the CR singularities are a subset of {w = 0} by Lemma 2.1, then the boundary of the disc is inside the set of CR points of M .
As M c is elliptic, the following can be done either for all w 0 > 0 or for all w 0 < 0, depending on the sign of the coefficient of A(cξ, cξ) = A(c,c)|ξ| 2 .
is a quadric holomorphically flat submanifold with a nondegenerate CR singularity that is not completely parabolic, and an elliptic direction c ∈ C n , and let w 0 be such that ∆ c,w 0 is a closed analytic disc attached to M .
Suppose f : M → C is a real-analytic function that is a CR function on M CR . Then there exists a neighborhood U ⊂ C n+1 of ∆ c,w 0 and a holomorphic function F :
That is, f extends holomorphically to a neighborhood of ∆ c,w 0 .
Proof. First notice that since f is real-analytic, then there exists a neighborhood V of M CR and a holomorphic function G :
The proof will follow by constructing a continuous family of analytic discs ∆ t , all attached to M , such that ∆ 0 is a small disc near the CR points such that ∆ 0 ⊂ V , and ∆ 1 = ∆ c,w 0 . By the Kontinuitätssatz (see, e.g., [24, page 189]), we extend G along this family to a neighborhood of ∆ 1 . Because all the discs are attached to M , the extension always agrees with f on the boundaries.
We begin by considering the submanifold M c,v ⊂ C 2 , for v ∈ C n , given in the (ξ, w) coordinates by
Clearly M c,0 = M c , which is elliptic. Suppose without loss of generality that w 0 > 0, and therefore ∆ c,w 1 exists for all w 1 > 0, but not for any w 1 < 0. Since {w = w 0 } ∩ M c is an ellipse, {w = w 0 } ∩ M c,v is also an ellipse for small v. There is also some w 1 < 0 such that {w = w 1 } ∩ M c is empty, and therefore we pick v small enough so that also {w = w 1 } ∩ M c,v is empty.
The set {w = w 0 } ∩ M c,v is still a subset of the CR points of M . As M is not completely parabolic, the set of CR singularities is a totally real linear submanifold of real dimension at most n − 1. Therefore we also make sure v is picked so that the set (the 2 dimensional complex plane) {(z, w) : z = cξ + v for some ξ ∈ C} does not contain any CR singularities of M . That is, no point of M c,v is a CR singular point of M .
Since the defining equation of M c,v is a quadric this means that there exists some real w such that {w = w 2 } ∩ M c,v is empty if w 2 < w , and such that {w = w 2 } ∩ M c,v is an ellipse if w 2 > w . That is, we are considering the level sets of a real quadratic function defined on C:
Hence {w = w } ∩ M c,v is a point. This point corresponds to a CR point of M . If we pick w 3 > w very close to w we obtain an analytic disc induced by the ellipse {w = w 3 } ∩ M c,v , which is completely in V . We can now construct a continuous family of analytic discs attached to M starting with {w = w 3 }∩M c,v and ending with {w = w 0 }∩M c,v .
If we now move v to 0 we obtain analytic discs attached to M starting with {w = w 0 }∩M c,v , and ending with the disc induced by the ellipse {w = w 0 } ∩ M c,0 , which is just ∆ c,w 0 .
We finish by applying the Kontinuitätssatz as mentioned above.
We now prove a polynomial version of the extension in the model case, in the case when there is an elliptic direction. The case (M.I) with λ 1 ≥ 1 2 and the completely parabolic case will be covered by the next section.
is a quadric holomorphically flat submanifold with a nondegenerate CR singularity that is not completely parabolic, and an elliptic direction c ∈ C n . Suppose f (z,z) is a polynomial that, when considered as a function on M (parametrized by z), is a CR function on M CR .
Then there exists a holomorphic polynomial F (z, w) such that f and F agree on M , that is,
Proof. Let us consider M c . Suppose without loss of generality that ∆ c,w 0 exists for all w 0 > 0. If c ∈ C n is an elliptic direction, then we notice that a whole neighborhood C ⊂ C n of c are also elliptic directions for M .
Let c ∈ C. In [20, Lemma 5.1], we proved that a polynomial P (ξ,ξ), when considered as a function on M c extends holomorphically to a polynomial in the variables ξ and w as long as it extends along each analytic disc. Since f extends by the previous lemma to each ∆ c ,w 0 for w 0 > 0 and c ∈ C we can use this lemma. Therefore we obtain a polynomial F c (ξ, w) that extends f (c ξ, c ξ).
Now we look at w 0 = 1 and c. There exists a holomorphic function F defined in a neighborhood U ⊂ C n+1 of ∆ c,1 that extends f . Since for all c ∈ C, 
Extending in the diagonalizable model case
There are two cases of model manifolds that we have not covered yet. First, n = 2 and M is of type (M.I) with both λ j large, that is, larger than 1 2 . The second case is when M is a completely parabolic submanifold and n > 2. We first focus on the extension in n = 2, and then use this result to solve the completely parabolic case when n > 2.
The following technique in n = 2 works equally well for (P) and (M.I) and both λ j > 0, and therefore we state the results for both types. Let M be given by (P) or (M.I) with E = 0. That is,
for some 0 < λ 1 ≤ λ 2 . Note that we have already handled the case when λ 1 = 0.
be the (complex) vector space of degree d homogeneous polynomials f (z,z), which when considered as functions on M (parametrized by z), are CR functions on M CR .
Then
We will see below that the inequality is in fact an equality. Before we prove this, we need a small claim. 
Proof. This is easily checked for = 1, 2, 3. Then after a row and a column operation we find that A becomes [ 0 1 1 0 ] ⊕ A −2 , where A −2 is an ( − 2) by ( − 2) matrix of the same type. The result follows.
where = ±1. Let us apply L to a monomial:
A homogeneous polynomial f is CR if and only if Lf = 0, which is a linear equation in the coefficients of f . Ordering the coefficients somehow, let c be the vector of coefficients of f . The equation Lf = 0 can be written as a matrix equation Xc = 0. From the above equation we see that each column has at most 4 nonzero entries. Two of those entries correspond to monomials with the same degree ofz and z and the other two entries correspond to raising the degree of z by one and lowering the degree ofz by one. We order the monomials by an ordering that satisfies z
2 if a 1 +a 2 < a 3 + a 4 or if a 1 + a 2 = a 3 + a 4 and a 1 < a 3 , or if a 1 + a 2 = a 3 + a 4 and a 1 = a 3 and b 1 < b 3 . For example for d = 2 we order the monomials as
We ignore the part of Lf that lowers the degree ofz. That operation moves "to the right" in the columns of X. If we now decompose the matrix X into blocks, for each fixed monomial in z, we find blocks of the form A as above, with zeros to the right. Again for example for second degree with the monomials ordered as above we have the following matrix. The blocks of the form A are boxed. The submanifold is of type (M.I).
For the monomials of a fixed total degree j ofz, for j ≥ 1, we will find (d − j + 1) blocks of the form A j+1 in the matrix. That is for each fixed monomial z α , for |α| = d − j < d, there is a block A j+1 in the columns corresponding to monomials z αzβ where |β| = j. There are always (d − j + 1) monomials of the form z α , and that is why we get that many blocks. For the example above, d = 2, there is precisely one A 3 type block for the monomials corresponding to monomials that are quadratic inz, that is, monomials of the formz β where |β| = 2. There are also two blocks, of type A 2 . One for the monomials of the form z 1z β and one for the monomials of the form z 2z β , where |β| = 1. Therefore the rank of the matrix is at least
, and
It is not difficult to show that
is spanned by monomials in z and w = A(z,z) + B(z, z) + B(z, z). Consequently, suppose f (z,z) is a polynomial such that when considered as a function on M (parametrized by z), f is a CR function on M CR . Then there exists a holomorphic polynomial F (z, w) such that f and F agree on M , that is,
Proof. Weighted homogeneous polynomials in z and w when restricted to M give a CR function, that is elements of CR d (M ). Therefore the proof consists of showing that the dimension of this set is the same as the dimension of CR d (M ). The dimension of the space weighted homogeneous polynomials of degree d is
Since the space CR d (M ) cannot be any larger we find that the weighted homogeneous polynomials in z and w will span the space.
If f (z,z) is any polynomial that is CR on M CR , then (37) implies that the homogeneous parts of f are CR, and hence are in the span of z and w = A(z,z) + B(z, z) + B(z, z). Now that we have covered all the n = 2 cases, we can prove the completely parabolic case in n > 2.
is completely parabolic (that is, the real dimension of the set of CR singularities is exactly n). Suppose f (z,z) is a polynomial such that when considered as a function on M (parametrized by z), f is a CR function on M CR .
Proof. Write Q(z,z) = A(z,z) + B(z, z) + B(z, z). Let us choose a 2 complex dimensional plane through the origin in the z variables. That is, choose a linear L :
Suppose that M L is nondegenerate, which is true for an open dense set of L.
As the CR singular set of M is a maximally totally real n-dimensional plane in the z-space, M L is also going to be completely parabolic.
Take L of the form 
for some column vectors ω j ∈ C n−2 . We apply the polynomial result, Proposition 4.3. For every L as above, we find a polynomial F L (ξ, w) such that
To see that the c αj 's are independent ofω we use the CR vector field of w = Q(Lξ, Lξ).
Without loss of generality suppose that ω 1 = 0. The argument is the same for higher dimensions, so for simplicity assume n = 3, that is ω 2 ∈ C. Then, consider the CR vector field X of
given by
Since f | M L is CR, applying X to (47) gives us that the c αj 's are independent ofω. That is because ξ α Q j are CR and hence X only hits the c αj . Keeping with n = 3 for simplicity, we have
Setting
, we obtain
We have found a rational extension to C 3 × C, with a possible pole when z 2 = 0. Doing the same argument with ω 2 = 0, we find another rational extension with a possible pole at z 1 = 0. Outside any poles the extensions must be identical as the extension near CR points is unique as a holomorphic function. The poles are therefore only on the set z 2 = z 1 = 0, which means there are no poles. We obtain a polynomial extension F (z, w).
Local Extension
In this section, we prove Theorem 1.1, the local version of the main theorem.
, n ≥ 2, be a holomorphically flat real codimension two real-analytic submanifold with a nondegenerate CR singularity at 0 ∈ M . Suppose M is defined by w = ρ(z,z), for (z, w) ∈ C n × C, with ρ real-valued, ρ(0) = 0, and dρ(0) = 0. Suppose f ∈ C ω (M ) such that f | M CR is a CR function. There exists a formal power series F (z, w) for f at the origin, that is, F z, ρ(z,z) is equal to f formally at the origin.
where E is O(3). Parametrizing M by z, decompose f using the z variables into homogeneous parts
Take a CR vector field X on M and the corresponding CR vector field X quad on M quad :
Then as f is CR
Therefore X quad f k = 0 and f k (z,z) is a CR function on the model M quad given by w = Q(z,z). By Lemma 2.2, we can thus write f k (z,z) = F k z, Q(z,z) for some weighted homogeneous F k (z, w). Now F k z, ρ(z,z) is a CR function on M whose terms of degree k are precisely f k . Therefore the difference
is a CR function of one higher order, and so we obtain a formal power series.
Next we prove the convergence of the formal power series, first in the case n = 1.
Lemma 5.2. Let M ⊂ C 2 be a real codimension two real-analytic submanifold with a nondegenerate CR singularity at 0 ∈ M defined by w = ρ(z,z), for (z, w) ∈ C 2 , with ρ(0) = 0 and dρ(0) = 0.
Suppose f ∈ C ω (M ) admits a formal power series F (z, w), that is, F z, ρ(z,z) is equal to f formally. Then F is convergent.
Proof. Parametrizing M by z, we write f (z,z) for the value of f on M at z, ρ(z,z) as usual. We may locally complexify and treat z andz as independent variables.
Case 1: ρ(z, 0) ≡ 0. After a change of variables, successively taking changes of coordinates sending z to z + az j w k , such an M can be represented by
for some c > 0 and k ≥ 2. Using Weierstrass, we may locally solve forz in terms of w and z. Let us denote these solutions by ξ 1 (z, w), . . . , ξ k (z, w); one of these is the complex conjugate of z. Let ξ(z, w) be any of the ξ j 's. So,
is a well-defined holomorphic function in a neighborhood of the origin because the right hand side is a symmetric function of the ξ. See e.g. [26, Lemma 8A in chapter 1]. When w = ρ(z,z), we have
By formally we mean that we are only testing that the equality holds up to any finite order. Since f is real-analytic, we obtain f (z, ξ) = f (z,z) when w = ρ(z,z). That is, f is invariant under replacingz with any of the ξ j 's. In other words, when w = ρ(z,z), then in (59) all terms in the sum are equal to f (z,z) and therefore
The formal power series for f in terms of z and w must be unique, so F (z, w) = F (z, w) as power series, and therefore F converges. Case 2. Suppose ρ(z, 0) ≡ 0. The submanifold M has an infinite Moser invariant. Moser [21] proved there exists a local biholomorphic change of variables near zero so that M is given by
Write
Cauchy estimates give |c k,j | ≤ M k+j for some > 0. As the power series F can be written in terms of z and w = zz, we note that c k,j = 0 if k < j. That is writing d k,j = c k+j,j
Because |d k,j | = |c k+j,j | ≤ M k 2j , the series converges. We can now finish the proof of Theorem 1.1.
Proof of Theorem 1.1. By the Proposition 5.1 we obtain a formal power series F (z, w), such that f (z,z) = F z, ρ(z,z) .
Given any nonzero c ∈ C n we note that using coordinates (ξ, w) ∈ C × C, we have an M c w = ρ(cξ, cξ),
and an f (cξ, cξ), which has a formal power series F (cξ, w) at the origin. The submanifold M c is nondegenerate for an open dense set of c ∈ C n . Therefore F (cξ, w) converges by the Lemma 5.2 for an open dense set of c ∈ C n . Therefore F (z, w) converges via a standard Baire category argument (see e.g. [1, Theorem 5.5.30]).
Hartogs-Severi
The Hartogs-Severi result cannot be simply extended to the smooth case. This also means that Theorem 1.2 fails in the smooth case. Counterexamples have appeared in the literature, but let us discuss a simple counterexample as it pertains to our setup.
Let U ⊂ C 2 × R in the coordinates (z, t) ∈ C 2 × R be given by U = {(z, t) ∈ C 2 × R : z < 3, −1 < t < 3} = B 3 (0) × (−1, 3),
∪ {(z, t) ∈ C 2 × R : 1 ≤ z ≤ 2, 0 ≤ t < 1}.
Then U \ K = {(z, t) ∈ C 2 × R : 2 < z < 3, 0 ≤ t ≤ 2} ∪ {(z, t) ∈ C 2 × R : z < 3, t ∈ (−1, 0) ∪ (2, 3)} ∪ {(z, t) ∈ C 2 × R : z < 1, 0 ≤ t < 1}
Define the smooth function f : U \ K → C by f (z, t) = 0 if (z, t) ∈ U 1 or U 2 , e −1/t 2 if (z, t) ∈ U 3 .
As f is constant for fixed t, it is CR. Any CR function on U would have to be holomorphic on the entire leaf {(z, t) : z < 3, t = }. Since the function f is zero for {(z, t) : 2 < z < 3, t = 1 2 }, any extension must be identically zero on {(z, t) : z < 3, t = 1 2 }, while f is nonzero on {(z, t) : z < 1, t = 1 2 }. Therefore the extension cannot hold in the smooth case.
Next we could fit a domain Ω so that ∂Ω lies inside U \ K in the way demonstrated in Figure 1 by the dashed line. As nondegenerate CR singularities are the generic situation, we can ensure that ∂Ω only has such singularities by taking a small perturbation if necessary. Finally let us provide a sketch of a proof of Hartogs-Severi for n ≥ 2. We do this for two reasons: In this case the argument is simpler than that found in the literature, if we assume the solution to the standard Hartogs theorem in C n , and it makes the present paper more self-contained. We prove the following statement:
Let U ⊂ C n × R, n ≥ 2, be a bounded domain, K ⊂⊂ U a compact set such that U \ K is connected, and f : U \ K → C a real-analytic CR function. Then f extends uniquely to a real-analytic CR function of U . Sketch of proof. Denote the variables by (z, t) ∈ C n × R. Let S t = {z ∈ C n : (z, t) ∈ U \ K}, and denote its topological components by V 1 , . . . V k . Let S t be a union of the V j such that V j is not contained in a compact component of C n \ V for any other . Let S t be the union of the components of V j that are in S t together with the compact components of C n \ V j . Then let U = {(z, t) ∈ C n : z ∈ S t } and U = {(z, t) ∈ C n : z ∈ S t }. It can be checked that U and U are open and U ⊂ U \ K ⊂ U . For each fixed t, using the standard Hartogs theorem on each component of S t we extend f restricted to S t to a holomorphic function on S t . That is we obtain a function F : U → C that is holomorphic in the z variable and such that f | U = F | U . We need to show regularity and that F equals to f on all of U \ K.
Pick some t 0 , and pick a compact smooth hypersurface Γ in S t 0 around a compact component of the complement of S t 0 . Inside Γ we write F (z, t 0 ) as the Bochner-Martinelli integral over Γ. Given that Γ is compact we note that the same Γ will work for a small neighborhood of t around t 0 . The Bochner-Martinelli kernel is real-analytic and hence F (z, t) is real analytic. Therefore we have a real-analytic function F | U that agrees with f on U . By the uniqueness theorem for real-analytic functions and the connectedness of U \ K, we find that F | U agrees with f on U \ K.
